Abstract. This paper introduces the class of Cohen p-nuclear m-linear operators between Banach spaces. A characterization in terms of Pietsch's domination theorem is proved. The interpretation in terms of factorization gives a factorization theorem similar to Kwapień's factorization theorem for dominated linear operators. Connections with the theory of absolutely summing m-linear operators are established. As a consequence of our results, we show that every Cohen p-nuclear (1 < p ≤ ∞) m-linear mapping on arbitrary Banach spaces is weakly compact.
1. Introduction and notation. The success of the theory of absolutely summing linear operators has motivated the investigation of new classes of multilinear mappings and polynomials between Banach spaces. The first possible directions of a multilinear theory of absolutely summing multilinear mappings were outlined by several authors (we mention, for example, [1, 2, 13-16, 19, 22, 23, 25, 26] ).
The aim of this paper is to introduce and study a new class of multilinear operators, the Cohen p-nuclear multilinear operators. The space N m p of Cohen p-nuclear multilinear operators defined on Banach spaces is a Banach space and this kind of m-linear operators satisfy a natural analog of the Pietsch domination theorem. The original motivation for our research is to give a multilinear version of Kwapień's factorization theorem:
. . , Π p ) where Π p is the Banach space of all p-summing linear operators and D m p the Banach space of all Cohen strongly p-summing multilinear operators. We also show that every Cohen p-nuclear (1 < p ≤ ∞) m-linear mapping on arbitrary Banach spaces is weakly compact. This paper is organized as follows. In Section 1, we give some basic definitions and properties. In Section 2, we introduce a multilinear version of Cohen p-nuclear operators for which the resulting vector space is a Banach space. We prove a natural analog of the Pietsch domination theorem for such operators similar to the linear case. In Section 3, we characterize the class of Cohen p-nuclear m-linear operators as products of absolutely p-summing and Cohen strongly p-summing m-linear operators, generalizing a linear result of Kwapień. Finally, in Section 4, we obtain certain connections between the classes investigated in this paper (for other recent papers comparing different classes of multilinear mappings related to summability, we refer to [4-7, 20, 21] ) and apply our results to prove that every Cohen p-nuclear (1 < p ≤ ∞) m-linear mapping on arbitrary Banach spaces is weakly compact. Now, we fix the notation used in this paper. Let m ∈ N and X 1 , . . . , X m , Y be Banach spaces over K (real or complex scalar field). We denote by L(X 1 , . . . , X m ; Y ) the Banach space of all continuous m-linear mappings from X 1 ×· · ·×X m to Y , under the norm T = sup x k ∈B X k T (x 1 , . . . , x m ) , where B X k denotes the closed unit ball of X k . If Y = K, we write L(X 1 , . . . , X m ). In the case X 1 = · · · = X n = X, we simply write L( m X; Y ).
Let now X be a Banach space and 1 ≤ p < ∞. We denote by l n p (X) the space of all sequences (x i ) 1≤i≤n in X with the norm
and by (l n p ) ω (X) the space of all sequences (x i ) 1≤i≤n in X with the norm
where X * denotes the topological dual of X. Let l p (X) be the Banach space of all absolutely p-summable sequences
We denote by l ω p (X) the Banach space of all weakly p-summable sequences
If p = ∞ we consider bounded sequences and in l ∞ (X) we use the sup norm. We know (see [12] ) that l p (X) = l ω p (X) for some 1 ≤ p < ∞ if, and only if, dim(X) is finite. If p = ∞, we have l ∞ (X) = l ω ∞ (X). If K is a Hausdorff compact topological space, C(K) denotes the Banach space, under the supremum norm, of all continuous functions on K. We denote by L f (X 1 , . . . , X m ; Y ) the space of all m-linear mappings of finite type, which is generated by the mappings of the special form
for some non-zero x * j ∈ X * j (1 ≤ j ≤ m) and y ∈ Y . In [16] , the adjoint of an m-linear operator is defined as follows:
Recall that a p-summing linear operator u : X → Y (notation: u ∈ Π p (X; Y )) between Banach spaces transforms p-weakly summing sequences into pstrongly summing sequences, i.e.
. The infimum of the C defines a norm π p on Π p (X; Y ) (see [24, 12] ).
• Following [23] , an ideal of multilinear mappings (or multi-ideal ) is a subclass M of all continuous multilinear mappings between Banach spaces such that for all m ∈ N and Banach spaces X 1 , . . . , X m and Y , the compo-
contains the m-linear mappings of finite type.
is a normed (Banach) space for all Banach spaces X 1 , . . . , X m and Y and all m,
We begin by presenting different classes of ideals of multilinear mappings related to the concept of absolutely summing operator:
Again the class of all Cohen strongly p-summing m-linear operators from
, is a Banach space with the norm d m p (T ) which is the smallest constant C as above.
It is well known (see [1, Theorem 2.4] ) that T is Cohen strongly psumming (1 < p ≤ ∞) if, and only if, there exists a constant C > 0 and a Radon probability measure µ on B Y * * such that for all (x 1 , . . . , x m ) ∈ X 1 × · · · × X m and y * ∈ Y * , we have
for every x j ∈ X j . Moreover, in this case we define
Consequently, r 1 -dominated implies r 2 -dominated for r 1 ≤ r 2 . We denote by
which is a quasi-Banach space with the quasi-norm δ r (T ). If r > m, then δ r (T ) is a norm.
• We say that an m-linear operator T ∈ L(X 1 , . . . , X m ; Y ) is absolutely p-summing (1 ≤ p < ∞) if there is a constant C > 0 such that for any n ∈ N and (
The space of all absolutely p-summing m-linear mappings from
, and the infimum of the C for which (3) always holds defines a norm
Again the class of all strongly p-summing m-linear operators from
, is a Banach space with the norm T sas,p which is the smallest constant C such that (4) holds.
• An m-linear operator T :
We denote the vector space of all such mappings by L fas,p (X 1 , . . . , X m ; Y ), and the smallest C satisfying (5) by T fas,p . This defines a norm on 
for every x j ∈ X j and j = 1, . . . , m. The infimum of the C defines a norm · si,p on the space of p-semi-integral mappings. It is well known [7, Theorem 1] that T ∈ L si,p (X 1 , . . . , X m ; Y ) if and only if there exists C ≥ 0 such that
Since Pietsch's paper [23] , several generalizations of absolutely summing operators to the multilinear setting have been investigated. The ideal of Cohen strongly p-summing multilinear operators was introduced by of AchourMezrag [1] . Dominated mappings were first explored by Geiss [14] , Schneider [26] and Matos [15] . The ideal of strongly p-summing multilinear operators was introduced by Dimant [13] . The ideal of multiple summing, also called fully summing, multilinear mappings was first vaguely sketched by Ramanujan and Schock [25] , and introduced independently by Matos [16] and Pérez-García and Villanueva [22] , and exhaustively explored in recent years (we mention, for example, [17, 20] ). The semi-integral mappings were introduced by Alencar-Matos [2] .
2. Cohen p-nuclear mappings. We will extend to multilinear operators the class of p-nuclear operators introduced by Cohen [10] and general-ized to Cohen (p, q)-nuclear operators by Apiola [3] . We prove directly the principal result of this section, which is the domination theorem.
For the convenience of the reader we start by recalling the linear case. A linear operator T between Banach spaces X, Y is Cohen p-nuclear (for 1 < p < ∞) if there is a positive constant C such that for all n ∈ N, x 1 , . . . , x n ∈ X and y * 1 , . . . , y * n ∈ Y * we have
The smallest constant C, denoted by n p (T ), such that the above inequality holds, is called the Cohen p-nuclear norm on the space N p (X, Y ) of all Cohen p-nuclear operators from X into Y , which is a Banach space. For p = 1 and p = ∞ we have
is the Banach space of all strongly p-summing linear operators, see [10] ).
We now give our definition.
Again the class of all Cohen p-nuclear m-linear operators from
, is a Banach space with the norm n m p (T ), which is the smallest constant C such that (7) holds.
It is clear that every T ∈ N m p (X 1 , . . . , X m ; Y ) is continuous and T ≤ n m p (T ).
On the other hand, we have
This implies
Thus by (6), T is 1-semi-integral and T si,1 ≤ n m 1 (T ). Conversely, let T be a 1-semi-integral m-linear operator. We have
Thus T is a Cohen 1-nuclear m-linear operator and n m 
This map is Cohen p-nuclear and n m p (T g ) = g Lp(µ) .
The next proposition asserts that (N
) is a normed (Banach) multi-ideal. We omit the proof. (i) Every m-linear mapping of finite type is Cohen p-nuclear, that is,
This class satisfies a Pietsch domination theorem which is the principal result of this section. For the proof we will use Ky Fan's lemma (see [12, p. 190 
]).
Ky Fan's Lemma. Let E be a Hausdorff topological vector space, and let C be a compact convex subset of E. Let M be a set of functions on C with values in (−∞, ∞] having the following properties:
(a) each f ∈ M is convex and lower semicontinuous; (b) if g ∈ conv(M ), then there is an f ∈ M with g(x) ≤ f (x) for every x ∈ C; (c) there is an r ∈ R such that each f ∈ M has a value not greater than r.
Then there is an x 0 ∈ C such that f (x 0 ) ≤ r for all f ∈ M .
Theorem 2.5. For T ∈ L(X 1 , . . . , X m ; Y ) and 1 < p < ∞, the following conditions are equivalent:
(i) The operator T is Cohen p-nuclear.
(ii) No matter how we choose finitely many vectors
(iii) There exist Radon probability measures µ j ∈ C(B X * j ) * (1 ≤ j ≤ m) and λ ∈ C(B Y * * ) * such that for all (x 1 , . . . , x m ) ∈ X 1 × · · · × X m and y * ∈ Y * ,
Proof. The implication (i)⇒(ii) is trivial. The proof is omitted.
The main point of the proof, the implication (ii)⇒(iii), follows the ideas of [14] and [1] . We consider the sets P (B X * j ) (1 ≤ j ≤ m) and P (B Y * * ) of probability measures in C(B X * j ) * and C(B Y * * ) * , respectively. These are convex sets which are compact when we endow C(B X * j ) * and C(B Y * * ) * with their weak * topologies. We are going to apply Ky Fan's lemma with
Consider the set M of all functions f : C → R for which there exist x j 1 , . . . , x j n ∈ X j (j = 1, . . . , m) and y * 1 , . . . , y * n ∈ Y * such that 
Using the elementary identity
we find by taking α = sup
where δ x is the Dirac measure at x. The last quantity is less than or equal to zero (by hypothesis (ii)) and hence condition (c) is satisfied with r = 0. By Ky Fan's lemma, there is (µ 1 , . . . , µ m , λ) ∈ C with f (µ 1 , . . . , µ m , λ) ≤ 0 for all f ∈ M . Then, if f is generated by the single elements (
Fix > 0. Replacing x j by −1/m x j , y * by y * and taking the infimum over all > 0 (using the elementary identity (9)), we find
Now we prove that (iii) implies (i). Let (x
for all 1 ≤ i ≤ n, and so
We use Hölder's inequality to obtain
Therefore T is Cohen p-nuclear and n m p (T ) ≤ C, as we wanted to prove.
3. Kwapień's factorization theorem. Comparing condition (iii) of Theorem 2.5 with condition (b) of [11, Corollary 19.2] , it is legitimate to say that Cohen p-nuclear multilinear operators are a generalization of (p; p * )-dominated linear operators. Therefore the following theorem can be regarded as a multilinear version of Kwapień's factorization theorem.
is Cohen p-nuclear if and only if there exist Banach spaces G 1 , . . . , G m , absolutely p-summing linear operators u j ∈ L(X j , G j ) and a Cohen strongly p-summing m-linear mapping S ∈ L(G 1 , . . . ,
Proof. The "if" part follows from a straightforward combination of Theorem 2.4 with Pietsch's domination theorem for absolutely p-summing linear operators.
To prove the "only if" part, take T ∈ N m p (X 1 , . . . , X m ; Y ). Then, by (8) , there exist Radon probability measures µ j ∈ C(B X * j ) * (1 ≤ j ≤ m) and λ ∈ C(B Y * * ) * such that for all (x 1 , . . . , x m ) ∈ X 1 × · · · × X m and y * ∈ Y * ,
) and consider the diagram
where
is the natural isometric injection and G j is the closure of the space
The operator S is defined on
and this definition makes sense because
It follows that S is continuous on u 1 (X 1 ) × · · · × u m (X m ) and has a unique extension to u 1 (X 1 )×· · ·×u m (X m ) = G 1 ×· · ·×G m ; moreover, the inequality implies that 
. This ends the proof.
Example 3.2. The operator T :
Then, for all n ∈ N and all (x
Thus S is Cohen strongly 1-summing. On the other hand, the canonical operator I j : l 1 → l 2 (1 ≤ j ≤ 2) is 1-summing. We conclude by Theorem 3.1 that T = S(I 1 , I 2 ) : l 1 × l 1 → l 1 is Cohen 1-nuclear.
4.
Relations between different classes of summability. In this section we will obtain certain inclusions between different classes investigated in this paper and establish the position of Cohen p-nuclear mappings with respect to other concepts. As a consequence of our results, we show that every Cohen p-nuclear (1 < p ≤ ∞) m-linear mapping on arbitrary Banach spaces is weakly compact.
We also need the definition of integral multilinear operators.
Definition 4.1. [8] We say that T ∈ L(X 1 , . . . , X m ; Y ) is integral (notation: T ∈ I(X 1 , . . . , X m ; Y )) if there exists a constant C ≥ 0 such that for every m ∈ N, and all families (
The infimum of the C defines a norm · I on the space of integral mappings. In the case Y = K, this definition was given in [23] (see also [14] ).
In [27] , the author introduces the ideal of integral multilinear mappings as those satisfying a certain integral condition. Cilia and Gutiérrez [9] prove that the various definitions of integral multilinear mappings are equivalent.
The following theorem yields inclusions of the class of Cohen p-nuclear mappings in other classes of multilinear mappings investigated in this paper.
(ii) If T is Cohen p-nuclear, then
Thus, by (2), T is r-dominated and δ r (T ) ≤ n m p (T ). (iii) By (ii), T is 2-dominated (r = 2); hence Proposition 4.3 in [6] shows that T is absolutely q-summing for all q. 
3) The statement of 1) is not true for p = 1.
